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Abstract 

We provide a proof of the equivalence of Af = 1 dynamics obtained by deforming 
Af = 2 supersymmetric gauge theories by addition of certain superpotential terms, with 
that of type IIB superstring on Calabi-Yau threefold geometries with fluxes. In particular 
we show that minimization of the superpotential involving gaugino fields is equivalent to 
finding loci where Seiberg-Witten curve has certain factorization property. Moreover, by 
considering the limit of turning off of the superpotential we obtain the full low energy 
dynamics of Af = 2 gauge systems from Calabi-Yau geometries with fluxes. 
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1. Introduction 

It was conjectured in that large iV dual of U (N) Af = 2 gauge theory deformed by 
certain superpotential terms is realized as type IIB string on Calabi-Yau threefolds with 
fluxes. The evidence for this conjecture was provided by checking that the low energy 
dynamics on both sides agree, at least up to the order checked. Namely the Calabi- 
Yau geometry led to a superpotential for the gaugino fields, whose extremization yielded 
information about the low energy dynamics. This was checked using the gauge theory 
analysis beginning with the exact M = 2 answer and studying its deformation under the 
addition of superpotential. The two objects look rather different. On the gauge theory 
side one studies the Seiberg-Witten curve and its factorization locus, and on the geometry 
side one studies extremization of a superpotential. The agreement for the low energy 
dynamics (for example the tensions of the domain walls) was checked to some order in a 
series expansion. It is natural to ask how to prove this equivalence to all orders, which may 
also shed light on what it means to consider a factorization locus of the Seiberg-Witten 
curve from the M = 1 perspective. 

In this paper we find a proof of this equivalence. The idea is to relate the extremization 
of the superpotential to the existence of some meromorphic function on the Riemann 
surface with suitable divisors. This in turn is equivalent to specializing to the appropriate 
factorization locus of the Seiberg-Witten curve. 

We also push this idea further and recover the full M = 2 low energy dynamics for 
U (N) gauge theory by considering a superpotential of degree N + 1 and considering the 
locus where U(N) is broken down to U(1) N . By turning off the superpotential we go back 
to a point on the Coulomb branch of the M = 2 theory, and we are able to obtain the full 
low energy dynamics of the M = 2 theory from the Calabi-Yau geometry with fluxes. It 
is quite interesting that in the limit of turning off the superpotential Calabi-Yau threefold 
becomes the product of an A\ geometry with the complex plane, as is expected based 
on the enhanced supersymmetry. Nevertheless the information of the M = 2 low energy 
dynamics survives in this limit. For example the gauge coupling constants are given by 
ratios of the periods of the Calabi-Yau threefold. Even though the periods vanish in this 
limit, the ratios are finite and yield the M = 2 low energy gauge couplings. 

The organization of this paper is as follows: In section 2 we discuss the gauge theory 
analysis. In section 3 we recall the geometric dual and present a proof of its equivalence 
with the gauge theory prediction. In section 4 we show how to recover the full M = 2 
geometry from this setup. Some technical aspects of the computation are discussed in the 
appendices A,B and C. 
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2. Field theory analysis 

In this section we will review the analysis of giving rise to the exact low energy 
superpotential of pure Af = 2 U(N) Yang-Mills theory deformed to Af = 1 by a tree level 
superpotential for $ given by, 

n+l 

W tT ee = ^2 9iUi (2.1) 
i=l 

where Ui = iTr$\ 

1 i 

The solution of this model is achieved by using the Seiberg-Witten curve of the original 
M = 2 theory and going to the points on the Coulomb branch where the susy vacua are 
not lifted by (|2.1| ) . As we will review below, this approach reduces the problem of finding 
the low energy superpotential W\ ow , that is only a function of g^s and A (the scale of 
the Af = 2 theory), to a well posed factorization problem of a polynomial of degree N. 
Note that one disadvantage for this method is that there is no direct way to integrate in 
the gaugino superfields which are important in the low energy dynamics of the IR Af = 1 
theory. This disadvantage is resolved in the geometric dual description that we will review 
in the next section. 

Classically, the vacuum structure of the theory is very simple. Solutions to the F and 
.D-terms equations are given by $ being diagonal with eigenvalues solutions of, 

n 

W'(x) = g n +ix n + ... + gt = g n+1 JJ(x - o 4 ) = 0. 

i=l 

The different vacua are given by the different choices of the number iVj of eigenvalues of 
$ equal to Oj. This is subject to the condition J27=i = N and the gauge group U(N) 
is broken down to U(Ni) x . . . x U(N n ). Thus in the IR we end up with pure Af = 1 
Yang-Mills theory with the group U(Ni) x . . . x U(N n ). 

In the Coulomb branch, the Af = 2 theory is described at low energies by an U(1) N 
effective theory. All the relevant quantum corrections in the IR are given in terms of an 
auxiliary Riemann surface and the periods of a particular meromorphic one form. 

The SW curve for a pure U (N) gauge theory is given by , 

y 2 = P N (x) 2 -4A 2N 



where Pn(x, u k ) =< det(xl — <&) > and u k = ^Tr$ fc . 
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Once the tree level superpotential is introduced, all points in the Coulomb moduli 
space are lifted except those for which N — n mutually local magnetic monopoles become 
massless. The presence of the superpotential produces a condensate of monopoles and the 
Higgs mechanism in the magnetic theory gives the expected confinement of the electric 
Af = 1 theory. Those points are where < Uk >'s are solution to, 

P N (x) 2 - 4A 2N = F 2n (x)H 2 N _ n (x) (2.2) 

where F2 n (x) and Hn-u{x) are at this point arbitrary polynomials with simple zeroes of 
degrees 2n and N — n respectively. The fact that Hjj_ n (x) appears in the above signifies 
the appearance of N — n mutually local massless magnetic monopoles. From the original 
U(1) N only U(l) n remains unbroken and the corresponding coupling constants are given 
by the period matrix of the reduced curve, 

y 2 = F 2n (x). 

These U(l) n can also be thought of as U(l) C U(Ni) for % = 1, . . . , n from the classically 
unbroken group. On the other hand the pure Af = 1 SU(Ni) piece confines in the IR, has 
a mass gap and gaugino condensation, i.e, < Tr su(Ni)W a W a >^ 0. 

For U(N) the Coulomb moduli space has dimension N, parametrized for example by 
the roots of Pn(x). The condition (|2.2|) implies that N — n of those have to be tuned in 
order to produce the N — n double roots on the RHS. This implies that ( |2.2|) is satisfied 
on a codimension N — n subspace of the Coulomb moduli space. Thus the factorization 
condition (^7|) does not lead to a unique answer and there is an n parameter family of 
such factorizations. 

Thus, for this subspace < Uk >'s are functions of n parameters. Plugging this in the 
superpotential W tTee an effective superpotential is obtained for those n variables, 

n+l 

W eff = J2g k <u k > . (2.3) 
fc=l 

Using the field equations from varying ( |2.3[ ) with respect to the n variables one could 
get all < Uk >'s as functions only of giS and A. Substituting back in W e ^ one gets 

V^low = Wlow(#i,A). 
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However, it is possible to restate this latter extremization problem also in purely alge- 
braic terms. In [1]] it was shown that extremizing the effective superpotential is equivalent 
to imposing, (for a review of the proof see appendix A) 

g 2 n+1 F 2n (x) = W'(x) 2 + f n - 1 (x) 

where f n -i(x) is a polynomial of degree n — 1 completely fixed by ( |2.2| ) as we will show. 

Putting these two factorizations together we thus have a purely algebraic description 
of the low energy dynamics of the M = 1 theory. The claim is that we end up with the 
following problem which is well posed and has a unique answer: Find Pn(x) such that, 

P 2 (x) - 4A 2N = -^-(W'(x) 2 + /._!(x))^_ n (x) (2.4) 

9n+ 1 

where W'(x) = g n +i Tl7=i( x ~ a i) ls gi ven : together with the following condition, 

n 

p n(x) -> Y[(x - a.i) Ni as A^O 

i=l 

It is interesting to notice that these polynomials are a generalization of Chebyshev 
polynomials that are the solution to the problem for n = 1. The proof that the solution 
to (|2.4| ) is unique is given in appendix B. 

Once W\ ow (g r , A) = Ylr=i 9i < Ui > is obtained, the following information can be 
computed, 

dW iow dW iow 

— =< m > and — — —tt =< Si + . . . + S n > (2.5) 

og r alogA 2iV 

where Si = Trsu(Ni)W Q W Q are the glueball superfields of each SU(Ni) factor. 

It is possible to show that —4g n+ i < Si + . . . + S n > is equal to the coefficient of the 

x n-i moriom i a i f f n _i(x) in ( |2.4j) . This fact plays an important role in section 3 and its 

proof is given at the end of appendix A. 



3. Geometric dual analysis 

In |1] a geometric dual to the field theory in the previous section was given. The dual 
theory was conjectured to have all the IR holomorphic information of the original theory. 
More explicitly, the coupling constants of the U{1) factors and the effective superpotential 
for gaugino fields. These conjectures were tested in a semi-classical series expansion up to 
several orders. 
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In this section we will provide the proof that the gauge theoretic prediction for the low 
energy (holomorphic) dynamics is in exact agreement with the geometric prediction. The 
dual geometric description has the advantage of also providing the effective superpotential 
for gaugino fields. 

First a review of the geometric construction is given in order to set the notation and 
then we show how the effective superpotential W e s(Sk) proposed in [Q gives equations 
whose solution is completely equivalent to solving the problem proposed in the previous 
section ( p.4|) . 

3.1. Review 

The starting point is to geometrically engineer the M = 2 U(N) field theory deformed 
by the superpotential term (|2.1| ) as the theory living on the world volume of D5 branes 
wrapping two cycles. We consider IIB string theory on a non-compact Calabi-Yau 3-fold. 
The 3-fold is a fibration of an A\ ALE space over a complex plane with D5 branes wrapping 
the nontrivial S 2 in the blown up Ai singularity. At n isolated points the Calabi-Yau 3-fold 
thus constructed is singular and can be smoothed out by blowing up S 2, s or 5 <3, s. Let us 
discuss this geometry in more detail. 

The geometry corresponding to the theory without superpotential, i.e., to the Af = 2 
theory is a product space of a complex plane with coordinate x and the A\ ALE space, 

uv + w 2 = 0. 

In H it was shown that adding the tree level superpotential ( |2.1| ) to the field theory can 
be accounted for by allowing a nontrivial fibration given by, 

uv + w 2 + W'(x) 2 = (3.1) 

where W'(x) = g n +iU 7 l =1 (x — ai). At each point x = at there is a blown up S 2 and Ni 
D5-branes wrapping around the S 2 . 

The dual theory proposed in |IJ is obtained via a geometric transition (as a general- 
ization of the n = 1 case in ||). The transitions takes place when the S 2, s are blown down 
and S 3 's are blown up. The Ni D5 branes wrapping the S 2 located at x = ai disappear 
and get replaced by Ni units of Hrr flux through the new non-trivial Sf. 

The transition to S 3, s corresponds to a complex deformation of the geometry. The 
allowed deformations are computed by taking into account a normalizability condition. 
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The volume of a minimal lagrangian 3-cycle is given by the absolute value of the integral 
of the holomorphic 3-form over the cycle. In the non-compact geometry there are non- 
compact 3-cycles Bi whose volumes are infinite and need a large distance cut off Ao- The 
deformations that will correspond to dynamical fields are those for which the corresponding 
variation of the holomorphic form integrated over cycles will not depend on the cutoff Ao- 
This is needed for the mode to be localized. In other words, 



d 

liniA^oo— - / O (3.2) 

OOk .1 b 



is finite, where b^s are the coefficients of the deformation. Actually we also allow log 
normalizable, i.e. allow divergence of the form logAo- This is deeply connected with 
asymptotic freedom of the underlying gauge theory. This condition fixes the form of the 
possible complex deformations of ( |3.1|) to be, 



UV + W 2 + W'(x) 2 + f n -l(x) = 

where, 

n-l 

fn-l(x) = ^ h j X " '■ 

The variation of 6 n -i term corresponds to log normalizable term. Type IIB on this geom- 
etry gives rise to an effective M = 2 U(l) n field theory in four dimensions. However, the 
presence of fluxes induces electric and magnetic FI terms in the effective action allowing 
for a spontaneous symmetry breaking to Af = 1. 

The effective superpotential for Calabi-Yau 3-folds with fluxes was considered in || || 
(see also the more recent work ). This is given by 

w eS = [ h a n 

JCY 

where H = Hrr — tubH^s and Q is the holomorphic three form of the CY 3-fold. 

Let us choose a symplectic basis for three cycles Ai and Bi, with A{ identified with 
the blown up Sf and Bi with the dual non-compact cycle to Sf. In terms of this basis the 
superpotential corresponding to the classical vacuum@ where = Ym=i ^ s gi ven by, 



We assume that A^i's do not have a common factor 
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Using the fact that the D5-branes have been replaced by fluxes we get, 



H = N{ and / H = tym for i,j=l,...,n. (3-4) 

The second condition implies that j B H is a constant independent of i, and thus 
j B B H = 0. Note that since Bi cycles are non-compact j B H is actually infinite. 
This IR divergence can be traced back to the original Yang-Mills UV divergence. This is 
dealt with by the introduction of a cut off Ao- Following the same steps we can identify 
the constant with tym(a ); the bare Yang-Mills coupling as was done in Q. 
Plugging this in the superpotential ( |3.3| ), 

n n 

W eS = £ N.U, + r YM( A ) $ ( 3 - 5 ) 

i=l i=l 

where, Si = f A .Q and Ilj = J B Q. 

The Si and 11^ period integrals can be shown to reduce to line integrals over the 
complex x plane of the following effective one form, 

A efI = ^'(x) 2 + / n _ 1 (x) ( lx. (3.6) 

There are 2n branch points on the x-plane with n branch cuts running between pairs 
as shown in Figure 1. S^s are integrals of A e ff around the i-th branch cut, on. On the 
other hand, IV s are integrals from x = Ao on the lower sheet to x = Ao on the upper 
sheet following Cj's. 

Adding the contours of all S^s and deforming it to enclose x = oo, it is easy to show 

that, 

1 

by computing the residue of the pole at infinity. 

Therefore, the superpotential can be written as, 

n 1 

W e S = 22 NiUi ~ T YM(A ) ~1 K-l- 

i=l 9n+1 

The effective superpotential is only a function of Si's for 11^ = where T = 

J-(Si, . . . , S n ) is the prepotential of the CY 3-fold. The field equations are given by, 

^^^0 fo r , , 

oSi 
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However, it turns out to be more useful to use a change of variables from {Si, . . . , S n } to 
{6 n _i, . . . , 60}, which is generically non-singular. 

With the change of variables, the field equations are given by, 




Figure l:Contours of integration. The points P and Q represent Ao on the upper and lower 
sheets of the Riemann surface. 

3.2. Conjectures 

Let us recall the conjectures made in [HJ. Consider the original M = 2 U(N) theory in 
the classical vacuum where U(N) is broken down to U(Ni) x . . . x U(N n ). As mentioned 
in section 2, each factor U (Ni) = U(l) x SU (iVj) in the IR is expected to give a free U (1) 
and gaugino condensate for the confining SU(Ni) piece, i.e., < Tr su(Ni)W a W a >^ 0. 
The holomorphic information, as mentioned before, is composed of the coupling con- 
stants Tjj of the £7(1) n factors and the effective superpotential for the glueball fields 
Sf = Trsu(Ni)W a W a where (gf) stands for glueball field. 

The duality map is the following: the M = 2 U(l) n vector superfields in the Calabi- 
Yau with blown up S 3 that can be decomposed in Af = 1 superfield notation as (W^, Si), 
are identified with the U(l) n W % a and Sf of the original theory respectively. Namely, 
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the lowest component of the glueball field Sf is the holomorphic volume of the Sf, i.e, 

Si = f Ai n. 

With this identification two physical predictions follow which can be stated as math- 
ematical conjectures, namely 

Conjecture 1: The coupling constants Ty of the original U(l) n groups are given in 
the dual geometry by, 



d 2 T 



T, 



11 ~" <)S,<)S. 



Sk— ><Sfe > 



where < Sk > are the expectation values of the massive Si fields. More precisely, in the 
original field theory, the overall U(l) C U(N) decouples from the other U(l) n s. In an 
appropriate basis the couplings are given by, 

Tij with i, j = 1, . . . , n - 1 r ijn = for i = l,...,n and r nn = t Y m(a ) 

where is the period matrix of the reduced SW curve, y 2 = W'(x) 2 + f n -i(x) solution 



to Q . 



Conjecture 2: Solving the problem ( p.4j) to find f n -i(x) and < Tr$ fc > for k 



1, . . . , n + 1 is equivalent to solving the field equations ( |3.7|) arising from the dual effective 
superpotential (|3.5| ). In particular, f n _i(x) appearing in the geometry is the same as that 
appearing in the field theory and 

W eS (< Si >)=W low (g t ,A). 

In the next section we will give first the proof to conjecture 2 and then using the 
relation between the geometries conjecture 1 will be shown to follow. 

3. 3. Proof of conjectures 

Consider the effective superpotential, 

w eS = [ h a n 

JCY 

where the CY 3-fold is given by, uv + w 2 + W'(x) 2 + f n -\{x) = 0. Recall that f n -i(x) = 
bn-xx™- 1 + . . . + b . 

The field equations are obtained by varying with respect to the deformations bk, 

dw eS r HA m 



dbk Jcy db k 
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After integrating over the quadratic pieces in the geometry the integral over the CY- 
3-fold is reduced to an integral over a Riemann surface V, 



y 2 = W'{xf + f n - l {x) (3.8) 

There are two special points on Y for our discussion, they are located at the two pre-images 
of oo of x. Let us denote them by P and Q. 

In section 3.1 we denoted the reduction of O to a one form over Y by, 

A eff = y/W'(x) 2 + fn-^dx. 

Let us also introduce a one form h for the reduction of H, 

h = I H. 

Js 2 

Note that h is subject to constraints coming from (1371), namely, 



h = Ni and / h = r YM -> f h = (3.9) 

cr-i J Ci JCi—Cj 

for all i and j in {1, . . . , n}. See figure 1 for the definition of a^s and C^'s. 
Moreover, it is clear by adding up the cti contours that, 

h = N and I h = —N, (3.10) 
P JQ 

where the integrals run over a path enclosing P and Q respectively. Therefore h should 
have precisely a pole of order 1 at P and Q with residue N and — N respectively. 
On the Riemann surface the extremization of the superpotential gives 

/iA ^Aeff =o for k = n _2,n-l. (3.11) 
r oh 

Notice that ^f- for k = 0, . . . , n — 2 are holomorphic one forms on Y. These form a 
complete basis of holomorphic one forms. Therefore by the Riemann bilinear identities 
( |3.11|) is satisfied if and only if h is a holomorphic one form on Y — {P, Q}. This will also 
make the equation for varying of b n -\ satisfied on Y — {P, Q}. But for all variations we 
also need to consider the potential contribution of the integral ( |3.11| ) from P, Q. By using 
the Riemann bilinear identity this is equivalent to the contribution 

h [ Q ^-t^[ Q h = . (3.12) 



p dbk Jp dbk Jp 
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N I Q ^ - / ^r YM = 0. (3.13) 



Using (|3.10|) and (|3.9| ) we can write this as 

f Q gAgg 

lp db k J P db k 

For k = 1, n — 2 the second term vanishes because Wfc = ^ b c " is a holomorphic one form. 
Thus we obtain 

iV^ Wfc = 0. (3.14) 

Note that this is well defined up to addition of periods, depending on which path one takes 
from P to Q. This equation implies, according to Abel's theorem that there must be a 
meromorphic function on V with an iV-th order zero on P and an iV-th order pole on Q. 
For k = n — 1, since uj n -i = £, Acff ~ cte/x as a; — > oo, we have to introduce a cutoff 

9n-\-l OO n „ i 

A , as discussed before. We obtain 



A 7 y w n -i - ^YM = 

where the first term gives 2AQog[A/Ao] for some A (depending on hi) and we obtain 

-Q 

h = T YM = 2Mog[A/A ] (3.15) 

'p 

Now that we have translated the field equations (|3.11| ) into the existence of a holomor- 
phic one form h on T with certain properties, and the existence of a meromorphic function 
with divisor N[P — Q] the final step is to find f n -i(x) such that T defined by ( |3.8| ) admits 
such an h and such a meromorphic function. 

We will now show that these exist if f n -i(x) is such that the following is true, 

(W' 2 (x) + U-tix)) H 2 N _ n (x) = g 2 n+1 (P N (x) 2 - 7 2 ). (3.16) 

for some H^-n^x) and P/v(x), where P/v(x) — > Y[i=i( x ~ a i) Ni as 7 — > 0. The factor g n+ i 
is introduced only to normalize the coefficient of x N in Pn(x) to one. 
Consider, the function z on T, defined by, 

1 

z = P N (x) yH N _ n (x). 

9n+l 

Note that due to ( |3.16|) , z satisfies the following equation on T: 

z-2P N (x) + — = 0. (3.17) 
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z has a zero of order N at P and a pole of order iV at Q. This is one condition we needed 
to satisfy. Moreover, z does not have any zeros or poles in T — {P, Q}. This follows from 
( PT7| ). This implies that satisfies ( pOUp . We claim that, 

, 1 dz 
h = . 

2ni z 

We need to check that the conditions (|3.9|) are satisfied. In order to compute the periods 



of h = T^qif over a k$ notice that the answer is independent of 7. This is because z is a 
well defined function on V — {P, Q}, and its phases can change only by an integer multiple 
of 2ni. This implies that the evaluation can be performed in the limit 7^0. 

<f —=(f d{\ogz)=i d(log(2Pv(x)| 7 ^ ))- 

J OL k Z J OL k J OL k 

But P/v(x)| 7 ^o = rij=i( x — a j) Nj an d therefore, 

1 f dz If 
h = —i — = N k —i d{\og{x - (n)) = N k . 

2nl Ja k Z 27TZ J ak 

We can also compute J c _ c This can be done using the same argument as before 
and realizing that going around the G{ — Cj cycle we do not cross any branch cut of the 
log(x — di) functions. Hence, 

^ = 0. 



Finally, we have to check ( |3.15| ) which relates 7 to the parameters of the original Yang- 
Mills theory. From the definition of z we see that the 7 gets identified with 7 = ±2A N . 
In order to complete the proof of the second conjecture we only have to show that 

W eS (<S k >)=W low (b k ,A). 

The final result in section 2, showed from field theory that, 

dW low 1 , 



c»logA 2 ^ A 9n+1 



where 6 n -i is the coefficient of x n 1 in / n _i(x) from field theory. However, we also have 
that, 

dWes(< S k >) 1 



«91ogA 2Ar 4 9n+1 
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bn-l 



where 6 n -i is the coefficient of x n 1 in / n _i(x) from the CY 3-fold. Given that we have 
shown that the two polynomials / n _i(x) are equal, the following is true, 

dW eS (<S k >) _ dW low (V k s,A) 

d\ og A 2N ai og A 2Ar ' [ ' 

Finally, showing that W e e(< <Sfc >)Ia^o * s e Q ua i to W\ ow (gk, A — > 0) will complete 
the proof. From section 2, taking A — > is the classical limit and 

n n+1 ^ 

W low (g k: A -»■ 0) = J2 N i J2 % 9ka i- 
i=i fe=i 

On the other hand, from the geometry, setting A to zero gives f n -i(x) = and the effective 
one form simplifies A e ff = ydx = W'(x)dx. Taking into account that 6 n _i goes to zero as 
a polynomial in A we get that the second term in the effective superpotential ( |3.5|) given 
by tym(a ) < S± + . . . + S n > goes to zero in the limit. Notice that we could add to our 
definition of W e ff ( |3.5| ) an arbitrary function of the form, 

(N 1 + N 2 + ... + N n )G(g' k s i A ) 

which is A independent and does not affect the validity of ( |3.18|) . Such an addition does 
not have any effect on physical quantities. It does not affect the field equations because 
it is an additive constant to the superpotential. Having shown that such an addition is 
harmless, let us choose G(g' k s, Ao) = W(A ). Therefore taking the limit A — ► we get, 

W eS (<S k >) = -Y,Ni / W'(x)dx + NW(A )=Y, N i J2k 9ka *- 

1=1 -* a i 1=1 k=l 

This completes the proof of the second conjecture. 
Coupling constants for U(l) n 

In order to establish conjecture 1 we only have to show that the couplings in the dual 
theory given by, 

d 2 T 



TlJ dSidSj 

in some appropriate basis decompose into the period matrix of the auxiliary Riemann 
surface T and the coupling of original U(N) theory tym(a )- 
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The change of basis is easy to guess if we look at the field equations from (3.5), 
d 



, n 



NiUi + Tym ( a o) = for 3 = !> 

3 1=1 

using that 11^ = the equations can be written as, 

^-E iV ^^=-^M(A ). 

3 i=l 1 

From this it is natural to define basis {S12, S23, • • ■ , S n -i >n , 5"+} such that, 

— and 



dS+ f-f l dSi dS iti +i dSi dS l+1 

1=1 



In this new basis the field equations become, 

Finally, we only have to show that the remaining elements of Tij give the period matrix 
of T. Consider, 

m = 8 o d L ^ = jJ— (n* - n i+ (3.19) 

From figure 1 it is clear that IX, — Hj+i = Jc -c +1 ^ x * s an integral over a compact 
cycle. One more change of variables is needed. Let the new independent variables be 
{bo, . . . , b n -i}. Using this, (|3.19| ) becomes, 



T, 



IJ 



^dS iii+1 db k \J c ._ c . +1 J dS i>i+1 <% n _i \J Cj -c j+1 1 



However, recalling that b n -i = —4(51 + • • • + S n ) = — 4S+ the second term drops out since 
0. 



dbn-l 

dSi, i+ i 

.2 _ ™r/f„\2 1 l „n-l 



Using that y = W (x) + b n -\x n + . . . + &ix + bo it is easy to see that, 

d 1 

-(ydx) = dx for k = 0, . . . , n — 2 



forms a basis of holomorphic one forms over V. Moreover, Si^+i = f ydx, with 7^ 
integral linearly independent combinations of ctj's. Together, (7^ C% — Cj+i) form a basis 
for i?i(r, Z). Therefore, 77,- given in ( |3.20| ) is a period matrix of V. This completes the 
proof of the conjectures. 
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4. Derivation of the Seiberg-Witten solution for Af = 2 U(N) from Fluxes 

The Af = 1 theories we have studied up to now are deformations of pure Af = 2 U(N) 
Yang-Mills. It is natural to ask to what extent one can recover information of the original 
Af = 2 theory as the deformation is turned off. This is the main issue we want to address 
in this part of the paper. 

The idea is to look for deformations Wtree that will provide information about an 
arbitrary Coulomb point of the original U(N) theory. This will turn out to be a potential 
of degree N + 1, 

N+l 

W<~ = E f M" 

fc=l 

and we consider the vacuum which breaks U(N) to U(1) N generically. In this vacuum $ 
is given by diag(ai, . . . , a at), where afs are defined by, 

W'{x) = g N +ix N + • • • + 0i = S'tv+i JJ(x — o»). 

fc=i 

The limit that allows us to get back to the Af = 2 theory is gN+i while keeping afs 
fixed. The a^'s will correspond to a generic point in the Coulomb branch of the Af = 2 
theory. It is natural to suggest that all Af = 2 information, if any, in the Af = 1 theory will 
have to come from quantities that do not depend on gN+i- Moreover, intrinsically Af = 1 
objects like gaugino vev's will all vanish as gN+i 0. 

4-1. Seiberg-Witten Curve 

We will see first how the Af = 2 curve arises as a solution to the field equations (|3.7| ) 
of the effective superpotential ( |3.5| ) for gaugino fields S^s. 
Let us rewrite (|3J|) using N{ = 1 for i = 1, . . . , N, 

N N 

W e ff (Si, . . . , S N ) = ^2 Hi + TYM(Ao) 5^ 
i-1 i=l 

where Ilj = and T is the prepotential of the CY 3- fold, 

uv + w 2 + W'{x) 2 + /at-iOe) = 0. 

In this case the field equations arising from the superpotential are hard to solve. The main 
problem being the determination of the prepotential T . However, they can be solved for 
any i\Vs in a semi-classical expansion. See appendix C for examples. 
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Luckily, in this case the factorization problem fl2.4|) is trivial and in section 3 we gave 
a general proof of the equivalence of the two. So we can simply use ( |2.4| ) with n = N to 

get, 

P 2 N {x) - AK 2N = -g— (W(x) 2 + ^(A)^" 1 + . . . + 6 (A)) . 
9n+i 

From this we get that 6fe(A) = for = 1, . . . , AT — 1 and &o = — 4(7Ar_|_iA 2Ar is a solution. 
In appendix B we show that this is indeed the unique solution. Therefore, W'(x) = 
g N+1 P N (x) = g N+1 < det(xl - $) >. 

This implies that the vev's of the Casimirs Uk = -^Tr$ fc are not modified quantum 
mechanically and < Uk >= (uk) class- Let us check that this is indeed the case from the 
low energy superpotential of the dual theory, i.e. W e ff(< Si >,...,< Sn >)• 

The effective superpotential after minimization procedure can be used to compute the 
quantum expectation value of the Casimir operator < Uk > as well as the expectation 
value of < S >=< S\ + . . . + Sn > as follows, 

dW eff dW eS 

— =< u k > and — j2lv =< 5 > 

ogk aLogA 2iV 

But we know from the solution to the field equations that the expectation value of < S > 
is zero because it is proportional to 6jv-i- This implies that W e s(< Si >,...,< Sn >) is 
not a function of A and therefore it can be computed at any value, in particular, at A = 0. 
This implies that, 

W eE (< S t >,. .,< S N >) = W cyass (gi) 



Therefore, 

dWesigi 



(Uk) 



class 



dgk 

as it should be consistent with the result from the curve. Now recall that the geometry of 
the Calabi-Yau 3 fold after the transitions is given by, 

uv + w 2 + W'(x) 2 + f N -i(x) = 0. 

Using the result of minimizing the superpotential we get, 

uv + w 2 + g 2 N+ i (P N (x) 2 - 4A 2N ) = 0. 

There are several interesting observations to make from this: Notice that the auxiliary 
Riemann surface T used to compute periods is exactly equal to the Seiberg-Witten curve 
for pure M = 2 U(N) after absorbing a factor of gN+i m the definition of y. 
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This is surprising given that we expect to recover the Af = 2 answer only when gjy+i 
is taken to zero. However, the SW curve is the solution to the field equations for all gN+i- 
Moreover, for gN+i — » 0, the geometry of the CY 3- fold reduces to that of an A i singularity 
trivially fibered over the x-plane as expected from enhanced supersymmetry in this limit. 
This looks like the classical limit of the Af = 2 theory, and so one would like to see how 
the exact quantum Af = 2 answer is recovered. 

Let us consider in more detail the way periods S^s and IVs of the holomorphic three 
form over A^s and B^s cycles depend on gjq+i- As mentioned in section 3 the periods can 
be written as integrals of an effective one form (|3.6|) over the x-complex plane. 



Aeff = ^W'ixf + fN-^dx = g N+1 ^P(x)* - 4A 2N dx 

The contours of integration only depend on the position of the branching points a^s. This 
implies that, g ^ Si and g ^ Hi are independent of gN+i- The Af = 1 fields Si and Ilj 
go to zero in the limit gN+i 0. Recall that the U(1) N couplings in the dual theory are 
given by, 

- _a_ n _ d f 1 

TlJ ~ dSl J ~ q ( .J^Si) \9n^ " 

\9N + 1 l J 

and therefore are trivially gN+i independent. Furthermore, as discussed in section 3, in a 
suitable basis {£12, S23, ■ ■ ■ , Sjv-i,jv, S + } defined by, 

and S+ = Si + S2 + ■ ■ ■ + Sn 



dS i>i+1 dSi dS 



3 



the U(l) coupling r ++ = = -^r Y M(A ) decouples, i.e, r +i = for % = 1, . . . , N - 1 
and Tij = QS .^gg. +1 is equal to the period matrix of y 2 = Pn(x) 2 — 4A 2N . 

We have thus recovered the U(l) coupling constants of the Af = 2 theory that are 
originally given by r ++ = -^t Y m(a ) and ry = ^§^. 

4.2. Af =2 dyons 

The Af = 2 data also contains information about the mass of BPS particles. It 
is therefore interesting to see how this data comes out of our Af = 1 theory. At first 
sight this seems not to be possible given that in the Af = 1 theory dyons are not BPS 
states. However we will see that the key is to realize that the dual theory contains non 
zero fluxes of H = Hrr + tubHns through 3-cycles. This three form carries nontrivial 
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information because, as we will show, its integral over 5" 2 in the fiber is <7jv+i independent. 
Of course, the computation of the exact mass of the dyons is conceptually correct only 
when <7jv+i — > 0. 

Let us start by identifying the electric and magnetic objects of the Af = 2 system 
before and after the transition. Consider first the geometry before the transition with one 
D5 brane wrapping each Sf, where Sf is the non-trivial element in Hi of the A\ fiber 
located at x = ai. These are the points where the holomorphic volume oti is zero i.e. the 
solutions to the classical field equations obtained from Wtree- Here we are considering the 
case where the kahler volume is also zero but the stringy volume is non zero due to the 
contribution of B^s- 

If gN+i — > we expect the fibration to become trivial. The geometry is just the 
product of the x-complex plane and the A\ ALE space where the singularity is resolved 
only by Bns and Brr. These fluxes are clearly constant. D5 branes are still wrapping 
the S 2 at the same locations in the x-plane, therefore we are at some point in the Coulomb 
branch of the classical M = 2 U(N) theory. At this generic point the gauge group is 
broken down to U(1) N . The electric and magnetic particles can be easily identified as 
follows. VF-bosons with charges (1,-1) under U(l)i x U(l)j are identified with open 
strings stretching between D5 branes at x = ai and x = cij. Given that the fibration 
is trivial, the mass of such a string is simply its tension times its length m = \a,i — a,j\. 
A magnetic object, on the other hand, can be identified with a 7)3 brane wrapping a 
3-chain given by S 2 x 7^, where 7^ is the interval in the x-plane from to cij. Its 
mass is given by the volume of the 3-chain times the tension of the brane. The mass 
is therefore given by m = \J s2 (t~iibBns + -Brr)| \ a i ~ a j\- Recall that the holomorphic 
coupling of the 4 dimensional field theory is given by tym = f S 2 (tubBns + , therefore 
w = |T"YM(tti — a j)\- This is also the result from field theory classically. 

It is important to keep in mind that tym is constant only in the classical theory. 
Quantum mechanically we expect B to vary over x-plane. Thus the mass will be given by 
an integral over the path in the x-complex plane joining to aj times the S-field over 
each point. Let us now write the central charge Z m instead of the mass m = \/2\Z m \. 



Therefore, 




B A dx 



(4.1) 



where we have defined B = tubBns + Brr. 
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As gN+i is turned on, the IR physics is described by the geometry after the transition 
where D5 branes wrapping 2-cycles have been replaced by fluxes over the new 3-cycles. 

As the Sf and S 2 are blown down the 3-chain S 2 x 1^ on which the D3 was wrapped 
becomes a 3-cycle given by Bi — Bj . In terms of the basic cycles in the auxiliary Riemann 
surface T this is the same as — (3j and the integral (|4.1| ) can be written as, 



B Adx — <p / B A dx. 

Pi Js 2 J/3, Js 2 

Integrating by parts in order to bring in H = dB = Hrr + tH^s, 

Z m = [ xH. (4.2) 

This formula for the BPS mass is only valid in the limit gw+i —* 0. The reason being that 
only when the geometry becomes a trivial fibration, the kahler volume of the S 2 and the 
complex volume of the interval combine. 

We are only left with the computation of the one form h = j s2 H in the dual geometry. 
But recall from section 3.3 that such a one form was found in the general case to be given 

by (I3T7D, 



1 dz AK 2N 
h= _^a± with z _ 2Pn ^ + ^_ = _ ( 43 n 

2ni z z 



This was derived from the constraints, 



H = Ni = 1 and / H = t Y m(A ) 

where tym(Ao) is the bare Yang-Mills coupling of the original M = 2 theory. It is clear 
from the definition of z that is independent of Qn+i as required. 
Finally, substituting (|4~3| ) in ( |4.2|) we get, 

dz f dz 
<p x — 



Z m = <J) x <t> x 



from which it is possible to identify the Seiberg-Witten differential, 

. dz P' N (x)dx 

Asw = x — = x — , 

y/P*(x)-4A™ 

and the mass of the magnetic monopole as m = \aoi — &Dj\- 
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The electric particle is harder to identify in the dual geometry. However, using the 
identification between £7(1) in the original theory and the £7(1) in the dual geometry, 
we can use the chare; hint to identify the state. W^-boson are charged under 

£7(1) i x £7(1) j with charges (1, —1). Therefore, it is natural to propose that the fundamental 
string stretched between the D5-brane at x = ai and the D5-brane at x = aj corresponds 
to a fundamental string stretched between a D3 brane wrapping Sf and an anti-D3 brane 
wrapping Sj. The consistency of this argument relies heavily on the fact that there is one 
unit of Hrr flux through each S 3 , leading to a fundamental string charge once a D3 brane 
is wrapped over it. As for the BPS mass for electric states, this should agree with the 
gauge predictions, because we have already argued that a a and agree and we have the 
fundamental M = 2 relation 

dap l _ 
da j ~ T%r 

4-3. Generalizations 

A natural generalization of these ideas is to consider the case of the quiver theories 
studied in ||. We leave the study of this large class of examples to the reader. It is quite 
satisfactory to see this merging of holomorphic techniques in studying vacuum structures 
for M = 1 and M = 2 gauge systems via a geometric realization in string theory and it 
would be worthwhile studying more examples of how this works, which we leave to the 
interested reader. 

Appendix A. Proof of gl +1 F 2n (x) = W'(xf + f n -i{x) 

In this section we will review the proof given in for the reformulation of the su- 
perpotential extremization in the gauge theory setup. The idea is to formulate the whole 
problem in terms of a superpotential with the conditions for massless monopoles imposed 
as constraints. Clearly the condition, 

P N (xf - 4A 27V = F 2n (x)H 2 N _ n (x) (A.l) 

is equivalent to, 

P N ( Pt ) + 6i2A N = and P' N { Pl ) = 
for H N _ n (x) = YiiLi 1 ( x ~ Pi) and e i = ±1 - 
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The total superpotential can then be written as, 



N-n 



w = 9rUr + Yl 



i=l 



i=l 



Li(P N (x) 



2e i A N ) + Q i -^ P N (x) 







(A.2) 



Notice that / is arbitrary now but it will turn out to be / > N — n. The Li, Qi, and pi are 
treated as Lagrange multipliers. 

The variation of (|A.2|) with respect to pi gives 



Q 



a 2 P 



N 



dx^ 



0, 



(A.3) 



X=Pi 



where we used the Qi constraint to eliminate the term involving Li. For generic g r , the 
RHS of (|A.1| ) has some double roots, but no triple or higher roots; therefore ( |A.3|) implies 
that (Qi) = 0. Since the (Qi) = 0, the variation of (|A.2| ) with respect to all u r is 



N-n N 



9i 



i=l j=0 



N—j 9Sj 



du r 



(A.4) 



with the understanding that the g r = for r > n + 1. Using that Pjv(x) =< det(xL — <&) > 
and 



det(xl - <&) = x^exp ( tr log(7 - -$ 



N 

x exp 



+ 



X n 



£ 

2=0 



where X]fc=-oo c fc a;fc | + = Sa*=o Cfca;fc ' one can eas ily show that, = —Sj-k- Therefore, 
( |A.4|) becomes 



iV-n AT 



(A.5) 



We should also impose the Lj and constraints in (|A.2| ). These equations and (|A.5| ) fix 
the (u r ), (Li), (pi), and (Qi) as functions of the g r and A. The (Li) are proportional to 
the expectation values (qiqi) of the I > N — n condensed, mutually local, monopoles. 
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Following a similar argument in [RJ, we multiply (|A.5|) by x r and sum: 



A' 



r=l 
TV Z AT 

= S S ^Pi' 3 Sj-rLi 
r=l i=l j=0 

N I N 

= Yl J2J2x r - 1 P?~ j Sj-rL i -2LA N x- 1 + 0(x- 2 ) (A.6) 

r= — oo j=l j=0 
Z N 

= J2 Yl Pn(x;(u))x1- n - 1 P ?- : >L 1 -2LA n x- 1 +0(x~ 2 ) 

i=l j= — oo 

= y P »teV» Li - 2LA N x~i + 0{x~ 2 ). 
x-Pi 

We define L = Denning, as in ||, the order I — 1 polynomial Bi-i(x) by 

^ = gz-iQ 

x-pi Hi(x 



i=l 

with Hi(x) the polynomial appearing in ( A.l ), we thus have 



/ 4A 27V 
W'(x) + 2LA N x~ l = B l _ 1 (x)JF 2N _ 2l (x) + — — ^ + 0(x~ 2 ). (A.8) 

Since the highest order term in W'(x) is g n+ ix n , we see that Bi_i(x) should actually be 
order n — N+l. This shows that I > N—n and, in particular, for / = N—n, Bn-u-i — 9n+i 
is a constant. Squaring ( |A.8|) gives 

9 2 n+1 F 2 n = W'(x) 2 + 4g n+1 LA N x n - 1 + 0(x n ~ 2 ). (A.9) 

We have found, g 2 +1 F 2n = W'(x) 2 + f n -i(x). 

Notice that after varying with respect to all the Lagrange multipliers and solving the 
equations; < Li >, < Qi >, and < pi > will be functions of gi and A. 

Let us now proof the statement made at the end of section 2. There it was claimed 
that — 4g n+ i < Si + . . . + S n > is equal to the coefficient of the x n_1 term in f n -i(x). 

Consider the term in the superpotential ( |A.2| ) , 

N—n 

("2e l L l ) A^ = —2LA N . 

i=l 
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This tells us that after integrating out p^s, Q^s, u^s, and Li's, and W becomes equal to 
VFi ow , then, 



dW low dW __ a n <l> 



From (gg ) 



we get, 



d\ogA 2N d\ogA 2N 
dW low 



aiogA 2 ^ 



< Si + . . . + s n > 



J2<S t >= -A N <L>. 

i=i 

Finally, using ( |A.9|) we see that, 

/ n _i(x) = 4g n+1 LA N x n - 1 + 0(x n ~ 2 ). 
From which the statement we wanted to prove follows. 

Appendix B. Proof of Uniqueness 

We want to understand to what extent our answer for the curves is unique, let us 
assume that the following equation holds, 

W'(x) 2 + K^x 71 ' 1 + . . . + So = W'(x) 2 + fen-ix 71 " 1 + ... + b 

where W'(x) = x n + six n_1 + . . . + s n and W'(x) = x n + six n_1 + . .. + s n . 
Consider the Riemann surface defined by, 

= W\xf + h n - X X n - X + . . . + b . (B.l) 

It is not difficult to show that if C is a closed contour around x = oo on the upper sheet 
that does not contain any of the branching points, then, 

s k = — I x k - x - n ydx (B.2) 



2ni j c 

This can be shown by expanding y(x) around x = oo and reading the residue. From ( B.2| ) 
we conclude that Sk = §k- 

It is also possible to see that, 

-bi = — ® (x l ~ l + six l ~ 2 + . . . + si-i)ydx. 



2 2ni 



c 



Therefore, using that Sk = §k we conclude that bi =6/. 

We have shown that if the hyperelliptic curve can be written as ( B.l|) then the form 
of the curve is unique. 
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Appendix C. Calculability 

We have shown how the superpotential equations are equivalent to finding a solution 
to problem stated in ( |2.4|) . However, we have not shown how this can be used to find the 
solution. In this appendix we will show that the equations from our effective superpotential 
are solvable in a systematic expansion in A around the semi-classical regime. 

The superpotential (|3.5|), 

n n 

W eS = N i U i + T YM(A ) Si 
i=l i=l 

is only a function of S^s. The periods over the non-compact cycles can be computed in 
terms of the prepotential of the CY 3-fold T = ^(Si, . . . , S n ) by 11^ = —^§ h -^-- 

The main advantage of the geometric approach is that the prepotential does not 
depend on iVj's and once it is found the problem is solved for any splitting N = Y^7= 1 ^i- 

The semi-classical approximation in geometric language means that the deformation 
of W'(x) 2 = H? =1 (x - en) 2 by W\x) 2 + f n -i(x) = Uf =1 (x - af)(x - a~) is such that, 
|cij — a,j\ — a^ \ for any {i,j, k}. The first step is to rewrite the effective one form, 

: n I 

Aeff = ^'W 2 + / n -lW = J] yj (X - Ai) 2 - 5 2 

i-l 

The compact and non-compact periods Sj and lij are computed by changing variables 
to y = x — Aj and writing, 

Expanding the square roots in the product one gets an infinite power series in S^s times 
\jy 2 — 8 2 - Integrals of the form, 

/ \Jy 2 -t]I[(y + A J- A k) lk 

where Ik are arbitrary integers, can be done in closed form. 

The second step is to write the new variables {Ai, . . . , A n , Si, . . . , 5 n } in terms of 
mixed ones {ai, . . . , a n , Si, . . . , 8 n }. This is done by equating the x 2n , . . . , x n coefficients 
of W'(x) 2 + f n -i(x) and of nr=i(( x — Ai ) 2 ~ ^t)- This can be done order by order in S's 
by solving linear systems of equations. 
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Finally, using S{S as functions of {ai, . . . , a n , Si, . . . , S n } one can invert the re- 
lations to get 5k s as functions of {ai . . . , a n , Si . . . , S n }. Substituting this in 11^ = 
Ili(ai, . . . , a n , Si, ... , S n ) one gets 11^ = II, (ai . . . , a n , Si ... , S n ). The inversion process 
can also be done order by order by solving linear systems of equations. 

In || this procedure was carried out for n = 2 with the following result, 

IIi = • • ■ + Si (log - 1) + 2S 2 log A - 2(5i + S 2 ) log A + 
#A 



+ <?(A) 



' (2Sl - 10SiS 2 + 5S 2 ) +0 S 



:3 



(^A3)2 VI — V V(^3)3 

where the ellipses stand for terms independent of Si's, A = ai — a 2 , g = (73 and Ao is a 
large distance cut off. II 2 can be found by replacing all l's by 2's and vice versa. 

In this case the parameters of the classical superpotential at each order only enter in 
an overall coefficient (gA 3 )~ n . 

A much more interesting structure can be found for n = 3. In order to give the 
expression of the non-compact periods, a small change in notations has been introduced. 
(1, 2, 3) will be replaced by (a, 6, c) and W'(x) = (x — ai)(x — a 2 ) (x — as) will be replaced 
by W'(x) = (x — a)(x — (3)(x — 7). In terms of the new notation we have, 

U a = ...-S a (l-logS a ) + (2S b -S a )log(a-(3) + (2S c -S a )log(a-(3)-2(S a +S b +S c )logA 

+h aa Sa + hbbSl + h cc Sl + h a bS a Sb + h ac S a S c + hb c SbS c + 0(S 3 ) 



with, 



K a =- Jr. ^5 + 4M + 4<«-« 



2(a-/3) 2 (a-7) 2 V (<x-/3) {a - 7) 

= 1. j 2 + 2^ + ^-?) 



(j3- a )*(j3-y)*\ (7 -«) (/?-<*) 

hcc =--, 1 r 2+ 2jg^ +6 fr-fl 



( 7 _ a) 2 (7 _ /3) 2 ^ (J3 _ a) (7 _ a) 



(a - /3) 2 (a - 7 )(/3 - 7) V (P ~ «) (7 - «) 



(a - 7 ) 2 (a - P)(rf - j3) \ (7 - a) ((3 - a) 

h = 8 / (g - 7) (7 ~ P) 

and ... represent the classical part Wt T ee(&) and the diverging pieces that are S- 
independent. 
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One can now solve the superpotential equations, gg cff = for a given splitting N = 
Ym=i Ni- This can be done order by order and gives < Si >=< Si > (ai, . . . , a n , A). Using 
this result one can go back and compute bk = • • • , a n , A) and W\ ow = W e s(< S^s >). 
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